Abstract-This paper presents a non-iterative method for the weightedleast-squares (WLS) design of allpass variable fractional-delay (VFD) digital filters. After expressing the coefficients of an allpass VFD filter as the polynomials of the variable fractional-delay parameter p, we develop an analytical WLS method for finding the optimal polynomial coefficients, and show that the allpass VFD filter design problem can be efficiently solved without resort to any iterative procedure or using any nonlinear optimization technique while a closed-form solution can be analytically obtained through solving a matrix equation. Compared with the existing allpass WLS method that iteratively solves a series of linearized WLS minimization problems, the proposed non-iterative WLS approach can yield much better design results with significantly reduced computational complexity and without any convergence issue.
I. INTRODUCTION
Variable fractional-delay (VFD) digital filters whose fractional group-delays are tunable have been found useful in various signal processing applications such as timing offset recovery in digital receivers, comb filter design, sampling rate conversion, speech coding and synthesis, time delay estimation [1] - [8] . Many methods have been developed for designing and implementing finite-impulse-response (FIR) VFD filters because the design problem is easy to formulate and the optimal solution can be analytically obtained [3] - [5] . In contrast, allpass VFD filters are much more difficult to design because the stability problem must be taken into account and the design of allpass VFD filters usually involves nonlinear optimization procedures. However, since allpass filters can provide excellent accuracy for fractionaldelay approximations, the design and implementation of allpass VFD digital filters have received more attention recently in the minimax sense [6], [7] or weighted-least-squares (WLS) sense [8] . Another important feature of allpass VFD filters is that they have exact unity gain (magnitude response) at all frequencies, which is desirable in feedback system applications to avoid instability problem. In [6], a closed-form method for designing and implementing maximally flat allpass VFD filters has been proposed. The method is simple to use, but it is quite difficult to achieve satisfactory design accuracy especially in high-frequency band. To improve the design accuracy, Tseng has proposed a weighted least-squares (WLS) allpass VFD filter design technique using phase error criterion [8] , where the socalled Steiglitz-McBride iteration is used. This iterative weightedleast-squares (WLS) method can achieve higher design accuracy than the maximally flat design even in the high-frequency band. However, since the convergence property of the Steiglitz-McBride iteration has not been uncovered so far, it is unpredictable that whether or not the iterative procedure will converge, and to which point and in what sense the algorithm will converge, our computer simulations have verified that the iterative WLS design using the Steiglitz-McBride iteration does not converge in many cases when changing the weighting functions.
This paper presents a non-iterative solution for the weighted-leastsquares (WLS) design of allpass VFD filters. First, the coefficients of an allpass VFD filter are expressed as the polynomials of the fractional-delay parameter p, Then, the allpass VFD filter design problem is formulated as a WLS minimization problem that can be solved analytically without using any iterative procedure or any non-linear minimization technique. Compared with the existing iterative WLS method [8] , the proposed non-iterative one can achieve much better design results with significantly reduced computational complexity, and no convergence issue needs to be concerned.
II. ALLPASS VFD FILTER DESIGN
The desired variable frequency response of an allpass VFD filter is given by
where I is the fixed group-delay (integer), p denotes the fractional group-delay that is continuously variable within
and the normalized angular frequency
specifies the interested passband with 0 < α ≤ 1. Our objective here is to find a variable allpass transfer function
such that the VFD filter design specification (1) can be approximated as accurately as possible, where the denominator
has the variable coefficients an(p) expressed as the polynomials of the parameter p as
Obviously, changing the value of parameter p generates different values of the coefficients an(p), and thus different frequency response of H(z, p). Substituting (4) into (3) obtains
whose frequency response is
It is clear that the matrix B contains all the filter coefficients bnm that need to be determined. From the denominator frequency response (6), we obtain the frequency response of the allpass VFD filter (2) as
where * denotes the complex conjugate. By considering the correspondence
between the actual variable frequency response H(ω, p) and desired variable frequency response Hd(ω, p), if we let
then the correspondence can be simplified as
If the above approximation is well performed, i.e.,
Using the relation
which implies that the error e(ω, p) must be minimized. Since
we obtain
As a result, the optimal coefficient matrix B of the allpass VFD filter (2) can be found by minimizing the weighted squared error
where W (ω, p) is a non-negative weighting function. For deriving an analytically closed-form error function (13), we assume that W (ω, p) is separable, i.e.,
and W1(ω) and W2(p) are piecewise constant functions. From (12) we obtain
Substituting the individual errors (15) and the separable weighting function (14) into (13) yields the corresponding error functions
with
By using the Taylor (Maclaurin) series expansion and trigonometric identity, we obtain 2 sin
Therefore, the matrix A1 in (18) can be rewritten as
Since W2(p) and W1(ω) are assumed to be piecewise constant functions, the vectors ui and vi can be computed by using closedform integrals. In practice, only the first several terms (K terms) in (20) need to be computed and the others can be truncated as
Because the series A1i decreases very fast in general, a moderately large number K, say K = 10, usually can achieve sufficiently accurate approximation. Therefore, one needs not to worry about the truncation error in (21). Consequently, the error function J2(B) in (17) can be approximated as
Similarly, we can get
with 
W1(ω)W2(p) cos
2 ωp 2 pp t B t ss t dωdp ≈ K i=1 tr BA4iB t A5i(25)
W2(p)pp
t dp, for i = 1
Consequently, the error function (13) is be constructed as
The optimal coefficient matrix B for minimizing J (B) can be found by differentiating J (B) with respect to B and then setting the derivative to zero as
(32) with
Applying the relation
to (32), where cs(X) represents the column string of matrix X, and ⊗ denotes the Kronecker product, then
Since the matrix B here actually represents the VFD filter coefficients that minimize (13), although quite large size of B may lead to illconditioned problem, the sub-optimal solution for such a practical minimization problem with a reasonably large size of B always exists. Solving the matrix equation (34) yields the optimal column vector cs(B), and thus the optimal coefficient matrix B can be obtained from cs(B).
III. DESIGN EXAMPLE
This section presents an example to illustrate the effectiveness of the proposed analytically closed-form WLS design technique.
[Example]: The variable design specification (1) is approximated with α = 0.9, and using the same allpass VFD filter order and polynomial degree as [8]
The following weighting functions
are used, where the small number δ is added for suppressing the error jumps around the edge frequency ω = απ. To perform the WLS design using the method [8], the frequency ω and fractional-delay p are uniformly sampled as
with L1 = 100, L2 = 30.
To evaluate the allpass VFD filter design accuracy, the normalized root-mean-squared (RMS) frequency response error 2, the maximum frequency response error M ax, the RMS fractional-delay error p2, and the maximum fractional-delay error pM ax are used. Table I . Our computer simulations using various weighting functions have indicated that the iterative WLS method has severe convergence problem. In many cases, it does not converge. This is due to the fact that the convergence property of the so-called Steiglitz-McBride iteration used in [8] is unknown yet, and it may not converge especially for nonconstant weighting functions. Table I shows that the proposed analytical method can achieve much better results with significantly reduced computational cost than the iterative WLS design.
To illustrate the results from the proposed analytical WLS approach, Fig. 1 shows the variable fractional-delay. To check the stability, Fig. 2 depicts the maximum radius of the poles when varying the fractional-delay p. Obviously, all the poles are inside the unit circle, thus the resulting allpass VFD filter is stable.
IV. CONCLUSION This paper has proposed a non-iterative WLS technique for designing allpass VFD digital filters. Compared with the existing iterative one that utilizes the Steiglitz-McBride iteration [8], the proposed analytical method has the following advantages.
1) The sub-optimal WLS solution can be analytically obtained without using any parameter discretizations and numerical integrals. It is analytically derived from Taylor series expansions and the corresponding integrals. 2) Since the analytical WLS design is non-iterative, thus the convergence issue does not exist.
3) The LS and WLS design examples have verified that the analytical WLS design can be performed very quickly, and the design results are much better than those using the iterative WLS technique. 
